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Abstract 

Based on the conception of quantum entanglement of Einstein-Podolsky- Rosen we construct 
generalized phase space representation associated with the entangled state ir)^, which is en- 
dowed with definite physical meaning. The set of states make up a complete and non-orthogonal 
representation. The Weyl ordered form of |r)^^ (r| is derived which clearly exhibit the statis- 
tical behavior of marginal distribution of |r)^^ (r| . The minimum uncertainty relation obeyed 
by |r)^ is also demonstrated. 



1 Introduction 



Phase space formalism of quantum mechanics has many applications in quantum statistics, quantum 
optics and quantum information theory. It began with Wigner's celebrated paper in 1932 [T]. Among 
many kinds of pseudo-probability distribution functions, Wigner function W{q,p) of a quantum state 
(pure or mixed states) is the most popularly used, since in phase space it exhibits two marginal 
distribution as the following way [2], 



W{q,p)dq, P{q)^ / 

OO •/ — ( 



w{q,p)dp, 



(1) 



where P {q) [P(j>)] is proportional to the probabiUty for finding the particle at q [at p in momentum 
space]. Besides, the Wigner operator also serves as an integral kernel of the Weyl rule [2111] which 
is a quantization scheme connecting classical functions of (9, p) with their quantum correspondence 
operators of {Q,P). The single-mode Wigner operator in the coordinate representation is 
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where \q) is the coordinate eigenvector, Q \q) — q\q) , 
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Using the normally ordered form of vacuum projector |0) (0| =: cxp[— a' a] : , where : : denotes 
normal ordering, and the technique of integration within an ordered product (IWOP) of operators 
[51 [5], the integration in Eq. ^ can be performed, leading to the explicit operator 
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-(q-Qf-i.P-Pf. _ i. g-2(at-a*)(a-a) . ^ 



A(Q;,a*), 



(4) 



where Q and P are related to the Bose creation and annihilation operators (a^ ,a)\yy Q — [a+a))/ \/2 
and P — [a ~ a^)/{i-j2), respectively, [a,a^] = 1, a = (q + ip) /^/2. Obviously, J^^A{q,p)dp ~ 
: e~(*~'3) ; — ^ J°°^ A{q,p)dq = : e^'-^^"^-' : — \p) (p\ , where \p) is the momentum 

eigenvector. This formalism helps us to understand the Wigner function's role better[2|[7]-|10j. 

In two-mode case when two systems are prepared in an entangled state, measuring one of the 
two canonically conjugate variables on one system, the value for a physical variable in the another 
system may be inferred with certainty, this is the quantum entanglement. Because entanglement is 
now widely used in quantum information and quantum computation, it has been paid much atten- 
tion by physicists llj. The original idea of quantum entanglement began with Einstein-Podolsky- 
Rosen's observation in EPR's treatment [H], who noticed that two particles' relative coordinate 
Qi — Q2 and total momentum Pi + P2 can be simultaneously measured, (also their conjugate vari- 
ables [Qi -I- Q2, Pi — P2] = 0), therefore, the corresponding Wigner function should be such that its 
two marginal distributions are respectively proportional to the probability for finding the two par- 
ticles which possess certain total momentum value [relative momentum value] and simultaneously 
relative position value [center-of-mass position value] (see also Eqs. ^ and (fT2)l V The investigation 
of Wigner functions for entangled states is not only just for the convenience of some calculations, 
but also for revealing the intrinsic entanglement property inherent to some physical systems. In Ref. 
[13j by virtue of the well-behaved properties of the entangled state representation (77 1, 



\v) = cxp hl^ + 7]al - ?7*4 + aI4| 



1 00), 77 = 771+2772, (5) 



we have successfully established the so-called entangled Wigner operator for correlated two-body 
systems [13], 

f d^V 

{p, j -^\p-'n) {p + -n\ exp(77^* - (6) 

1 77) is the common eigenvector of Qi — Q2 and Pi + P2 [Mj, which obeys the eigenvector equations 

(Qi - Q2) h) = V2771 I77) , (Pl+P2)h) -\/2772|77). (7) 

Using the IWOP technique we have shown in |13] that A^, {p, is just the product of two indepen- 
dent single-mode Wigner operators (p, = A{a,Q.*)A{f3, /3*) provided we take 

= a + P , p ^ a- P , a= — -^=— , /3 = — ^=— . (8) 

Performing the integration of A^, (p, over (Pt; leads to the projection operator of the entangled 
state 1 77) 

d\A^(p,0 = -|?7>(^llr,=p, (9) 

TT 

and the marginal distribution in (771,772) phase space is {ipl J d'^^Aw{p,(;)\il!) = ■^|7/'(?7)p|^=p.(in 
reference to ([T]))- Similarly, we can introduce the common eigenvector of Qi + Q2 and Pi — P2 [2] 
(the conjugate state of [77)) 

\0 = exp (-1 lel' + + C4 - |00) , ^ = a + (10) 
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which obeys another pair of eigenvector equations 

(Qi + Q2) 10 - 10 , (Pi - P2) 10 = 10 • (11) 

Performing the integration of A^, (p, <;) over cPp yields 

<fpA^{p,,) = - 10 (0 1?=., (V'l / d^pA^p,,) ItA) = i\i,{^)W^,. (12) 



The introduction of the entangled Wigner operator also brings much convenience for calculating the 
Wigner function of some entangled states. 

Working in the j?/) or |^) representation one can interrelate some physical systems. For example, 
the Einstein-Podolsky-Rosen arrangement relies on free propagation of quantum-coupled particles 
(described by jry) or |^)), on the other hand, the two-mode squeezed state dealing with oscillators 
which are bound systems, these two seemingly very different physical systems can be interrelated 
by constructing the following ket-bra integration in terms of jr;) , 
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(13) 



the right hand-side of (fT3|) is just the two-mode squeezing operator [71 [15]. In the following we 
shall employ the \ri) state to formulating generalized phase space representation and then study its 
statistical behaviors, i.e. enlightened by Eqs. ([7|) and ([TTjl we construct generalized phase space 
representation characteristic of the properties under the action oi Qi — Q2 and Pi + P2, associated 
with a two- mode state vector \T)^, 
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where the subscript "e" implies the entanglement, a,P,"f and 6 are all real parameters, satisfying 



/?7 — a(5 = 1, 



(15) 



and [Qi — Q2,Pi — P2] = 2i. Simultaneously, under the action of the center-of-mass operator and 
the relative momentum operator, the state e (Tj behaves 



Q1 + Q2 
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The present paper is arranged as follows. In Sec. 2 using the newly developed bipartite entangled 
state representation jry) of continuum variables we shall derive the concrete form of entangled state 
|r)g in two-mode Fock space and then analyze its properties, in so doing the phase space theory 
can be developed to the entangled case. In Sec. 3, the completeness relation and non-orthonormal 
property of \T)^ are proved. In Sec. 4. the Weyl ordered form of \T)^^ (Fj is derived, which 
yields the classical correspondence of IF)^^ (F|. In Sec. 5 we examine marginal distributions of the 
operator IF)^^ (F| by using the properties of the entangled state |?7) and its conjugate state |^). The 
uncertainty relation of coordinate and momentum quadratures in |F)g and the Wigner function of 
|F)g are calculated in sections 6 and 7, respectively. 

2 The state \r)^ in two- mode Fock space 

We find that the explicit form of the state |F)g in two- mode Fock space is (see the Appendix), 



|F)^ = 2v/-a/375exp 
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where cr = (Ti + zcr2, t = ri + iT2\ real numbers (a, /3, 7 and S) satisfy the relation Eq. 



1,2, are the two- mode Bose annihilation and creation operators obeying 



(17) 
13; (ai,a|), 
= (5y. To 



satisfy the square integrable condition for wave function in phase space , j < and ^ > are 
demanded. In order to certify that Eq. lfTTl) really obeys Eqs. (fT4|) and (fTH]) we operate Ui on \r)^ , 



ai|r)^ = [(a(T + 7T)-(/?7 + a<5)4] |r)^, 
"2 |r), - [(7r* - aa*) - + aS) a\\ \T)^ 

Then noting the relation between Qi, Pj and a^, aj, 

g, = (a, + al)/V2, = {a^ - al)/{V2i), 
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and Eq. fTSl) as well as 
d 
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we see, for example, 
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which is the first equation in Eq. (|16p . In a similar way, e (Fj satisfying the other equations in Eqs.([T 
and (|16p can be checked. Using Eas.(fT4|. p6|) and noticing the quantum commutator 



Ql±Q2 Pl±P2 



V2 ' V2 
in the phase space representation, we have 

'Ql±Q2 Pl±P2 



V2 ' V2 
which results in the condition shown in Eq. (ll5|) . 



(22) 
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3 The properties of |r)g 

3.1 The completeness relation of \T)^ 

Next we prove the completeness relation of Eg. pT)) . Using the normally ordered vacuum projector 

|00) (00| =: exp (-a\ai - a^aa) : , (24) 

where : : denotes the normal product, which means all the bosonic creation operators are standing 
on the left of annihilation operators in a monomial of and a |16| . It should be emphasized that 
a normally ordered product of operators can be integrated with respect to c-numbers provided the 



integration is convergent. Then we can use Ea. (|17p and the IWOP technique to perform the foUowing 
integration 
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where we have used the integral formula |17j 
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Thus |r)g is capable of making up a new quantum mechanical representation. 

3.2 The non-orthonormal property of |r)g 
Noticing the overlap relation 
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where \z) — exp ^— |z|^ /2 + za^^ |0) is the coherent state [TBI US] and using the over-completeness 

relation of coherent states / \zi,Z2) (21,22! — 1, we can derive the inner-product e (r| r')^, 

(|r')g has the same (3,^, a and (5 with \T)^), 
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With the aid of the integral formula Eq. ip^ . we perform the integral over d^zid^Z2 in Eq. 
finally obtain 
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From Ea. (P5)l one can see that e (Fj F')^ is non-orthogonal, only when a = a' and r = r', e (F| F)^ = 
1. 



4 The Weyl ordered form of (r| 



For a density operator p of bipartite system, we can convert it into its Weyl ordered form [31 HI [50] 
by using the formula 



dPzi(Pz2 



(30) 



where the symbol \ \ denotes the Weyl ordering, \zi) is the coherent state, {—Zi\ Zi) = exp{— 2 \zi\ }. 
Note that the order of Bose operators and a\ within a Weyl ordered product can be permuted. 
That is to say, even though [a,a^] — 1, we can have '.aa) '. — '.a)a '.. Substituting Eq. (ll7|) into 
Eg. pop and performing the integration by virtue of the technique of integration within a Weyl 
ordered product (IWWOP) of operators we finally obtain 
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which is the Weyl ordered form of IF)^^ (F| . Noting the difference between Eq. ([3T|) and Eq. ([55)) . they 
are in different operator ordering. The merit of Weyl ordering lies in the Weyl ordered operators' 
invariance under similar transformations, which was proved in Ref. [22] . In addition, it is very 
convenient for us to obtain the marginal distributions of IF)^^ (F| (see the next section). 

In Ref. [23] we have derived the Weyl ordering form of two-mode Wigner operator A^, {p; <j) 



A, 



{p; <;) = ' S (^ai - al - p^ 5 (^a\ - 02 - p*^ 6 (^ai + al - S (^a\ + 02 - 
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Ea. ([55|l indicates that the Weyl quantization scheme, for bipartite entangled operator, is to take the 
following correspondence, 

(34) 



then the form of Eq. (|3T|) indicates that the classical Weyl function corresponding to IF)^^ (F| is 
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Thus the Weyl quantization rule in this case is embodied as 
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Using the IWOP technique and Eq. ([24|) . in [13] we have shown that the normally ordered form of 
Aio (p; <?) is 



\u {p; ?) = 4j : exp 
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Substituting Eq.(I37I) into Eq.® yields 
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which confirms Ea. (j25p . In particular, when j3 = —S ~ 1, and a = 7 = Eq. (j36p becomes 



|r),, (r| -> 4 y" d^pd\A^ (p, exp 
which is the generalization of single-mode Husimi operator 
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5 Marginal distributions of \T)^^ (r| 

As mentioned above, based on the Weyl ordered form Eg. ([5^ it is very convenient for us to obtain 
the marginal distributions of Ir)^^ (Fj , 
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Noting [Ql + Q2,Pi — P2] = 0, there is no operator ordering problem involved in Eg. pp)) . so the 
symbol ', [ in Ea. (|^(I)) can be neglected. 
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The completeness relation of |^) expressed in Eq.pI7|) is 
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we see that the marginal distribution of function |e (F \'^) p in "^-direction" is given by 
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which is a Gaussian- broadened version of quantal distribution |'I'(OI (measuring two particles' 
relative momentum and center-of-mass coordinate). Similarly, we can obtain another marginal dis- 
tribution by performing the integral (Pt over Ir)^^ (r| , 
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we see that the other marginal distribution of |e (F l^*) p in "77-direction" is 
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a Gaussian-broadened version of quantal distribution |'I'(77)|^ (measuring two particles' relative 
coordinate and total momentum), Eqs. ((44)l and (|48)) describe the relationship between wave functions 
in the e (r| representation and those in EPR entangled state |^) (j?;)) representation, respectively. 
Note that jry) and |^) are related to each other by 



■ exp 



(49) 



6 Minimum uncertainty relation for |r 



From the marginal distributions of IF)^^ (F| we have seen that its phase space representation involves 
both the center-of mass (relative) coordinate and the relative (total) momentum. In order to see 
clearly how the state \T)^ obeys uncertainty relation, we introduce two pairs of quadrature phase 
amplitudes for two-mode field: 
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In similar to deriving Eq. 
and |F)^, 
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using Eqs. (O, PH)) and (fT7|) . we calculate the overlap between (ryj 
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and the overlap between (^| and |F)g , 



Then employing the completeness relation of \ri) and Eq. (|5ip . we evaluate 
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In a similar way, using (j52p we can derive 
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Eqs. (|55p - (|58p show that |r)g is a minimum uncertainty state for the two pairs of quadrature 
operators. 



7 The Wigner function of \T)^ 

For a bipartite system, the two-mode Wigner operator in entangled state jry) representation is ex- 
pressed in Eq.®, so the Wigner function W (p, <r) of \T)^ is given by 



w (p, ,) = Tr [|r),, (r| A^ (p, ,)] = 1 ^ , (r |p - r^) {p + ,y| r), e"^*-^"* 

Substituting Eg. ([51]) into Eq. (|5^ and using the formula in Eg. ipS)) . we obtain 
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From Eg. ([SO]) one can see that the Wigner function of |r) possesses the well-behaved feature in the 
sense that its marginal distribution in V-direction" is a general Gaussian form exp{^ |f +p|^}, 



while its marginal distribution in "r-direction" is exp 
P = -5 = 1, Eq.® reduces to 
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which is just the Wigncr function of two-mode canonical coherent state. 

Before ending this work, we mention that in 1990 Torres- Vega and Frederick introduced the state 
|r) which satisfies j30] 
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these two equations well satisfy the correspondence between the classical and quantum Liouville 
equations in single-mode case and have many applications in chemical physics and quantum chem- 
istry [3D]-[51]. Recently |r) has been identified as a coherent squeezed state PF 
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The |r)g in this paper is the non-trivial generalization of |r). 

In summary, based on the conception of quantum entanglement of Einstein-Podolsky-Rosen, we 
have introduced the entangled state \T)^ for constructing generalized phase space representation, 
which possesses well-behaved properties. The set of \T)^ make up a complete and non-orthogonal 
representation, so it may have new applications, for examples: 1) It can be chosen as a good 
representation for solving dynamic problems for some Hamiltonians which include explicitly the 
function of quadrature operators Q±, and/or P±; 2) Ir)^^ (Fj may be considered as a generalized 
Wigner operator, since from Eq. ([55)1 we see that it is expressed as smoothing out the usual Wigner 



operator by averaging over a "course graining" function exp 



71 - ^ 



and the 



corresponding generalized Wigner function is positive definite. 3) The representation \T)^ may be 
used to analyze entanglement degree for some entangled states. 4) The |F)g state can be taken 
as a quantum channel for quantum teleportation, such channel may make the teleportation fidelity 
flexible, since it involves adjustable parameters a, f3, 7, S. We hope these applications could be studied 
in the near future. 
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APPENDIX Derivation of Eq.dll]) 

Here we show how to derive Ea. l|17p . In the \r]) representation we have 
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so according to the requirement in Eqs. (fT4)) - lfT6|) . we see 
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Combining Eqs.(A3)-(A6) yields 
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The solution to Eqs.(A7)-(AlO) is 
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where C is the normalization constant determined by g (r| r)^ = 1. 

Using the completeness relation of EPR entangled state (|46|) and the integral formula in Eg. ([26|l . 
we obtain 
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which is just Eq. pT]) when C is taken as C = 2^/—al3jS. 
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